Isotopic liftings of algebraic structures are investigated in the context of Clifford algebras, where it is defined a new product involving an arbitrary, but fixed, element of the Clifford algebra. This element acts as the unit with respect to the introduced product, and is called isounit. We construct isotopies in both associative and non-associative arbitrary algebras, and examples of these constructions are exhibited using Clifford algebras, which although associative, can generate the octonionic, non-associative, algebra. The whole formalism is developed in a Clifford algebraic arena, giving also the necessary pre-requisites to introduce isotopies of the exterior algebra. The flavor hadronic symmetry of the six u, d, s, c, b, t quarks is shown to be exact, when the generators of the isotopic Lie algebra su(6) are constructed, and the unit of the isotopic Clifford algebra is shown to be a function of the six quark masses. The limits constraining the parameters, that are entries of the representation of the isounit in the isotopic group SU(6), are based on the most recent limits imposed on quark masses.
II. PRELIMINARIES
Let V be a finite n-dimensional real vector space and V * denotes its dual. We consider the tensor algebra ∞ i=0 T i (V ) from which we restrict our attention to the space Λ(V ) = n k=0 Λ k (V ) of multivectors over V . Λ k (V ) denotes the space of the antisymmetric k-tensors, isomorphic to the k-forms vector space. Given ψ ∈ Λ(V ),ψ denotes the reversion, an algebra antiautomorphism given byψ = (−1)
[k/2] ψ ([k] denotes the integer part of k).ψ denotes the main automorphism or graded involution, given byψ = (−1) k ψ. The conjugation is defined as the reversion followed by the main automorphism. If V is endowed with a non-degenerate, symmetric, bilinear map g : V * ×V * → R, it is possible to extend g to Λ(V ). Given ψ = u 1 ∧ · · · ∧ u k and φ = v 1 ∧ · · · ∧ v l , for u i , v j ∈ V * , one defines g(ψ, φ) = det(g(u i , v j )) if k = l and g(ψ, φ) = 0 if k = l. The projection of a multivector ψ = ψ 0 +ψ 1 +· · ·+ψ n , ψ k ∈ Λ k (V ), on its p-vector part is given by ψ p = ψ p . Given ψ, φ, ξ ∈ Λ(V ), the left contraction is defined implicitly by g(ψ φ, ξ) = g(φ,ψ∧ξ). For a ∈ R, it follows that v a = 0. Given v ∈ V , the Leibniz rule v (ψ ∧ φ) = (v ψ) ∧ φ +ψ ∧ (v φ) holds. The right contraction is analogously defined g(ψ φ, ξ) = g(φ, ψ ∧ξ) and its associated Leibniz rule (ψ ∧ φ) v = ψ ∧ (φ v) + (ψ v) ∧φ holds. Both contractions are related by v ψ = −ψ v. The Clifford product between w ∈ V and ψ ∈ Λ(V ) is given by wψ = w ∧ ψ + w ψ. The Grassmann algebra (Λ(V ), g) endowed with the Clifford product is denoted by Cℓ(V, g) or Cℓ p,q , the Clifford algebra associated with V ≃ R p,q , p + q = n. In what follows R, C and H denote respectively the real, complex and quaternionic fields.
III. ASSOCIATIVE ISOTOPIC ALGEBRAS
Consider a C-associative algebra A endowed with a product AB denoted by juxtaposition, where A, B ∈ A, and let ζ ∈ A be a fixed, but arbitrary element of A. The product ⋄ : A × A → A is given by A ⋄ B := Aζ 
Clearly ζ is the unit of A with respect to the ⋄-product, since A ⋄ ζ = ζ ⋄ A = A, for all A ∈ A. Since ζ is assumed to be always invertible, the product ⋄ is not automorphic to the product of the original algebras [20] .
Given A ∈ A, ζ-applications are defined as
where the juxtaposition denotes the product in A. All the formalism to be developed hereon is motivated by definitions in Eqs. (2) . The isotope-ζ of the algebra A, denoted by A ζ , is defined as being the underlying vector space of the algebra A, with multiplication given by Eq. (1) . The action of the isotopic algebra A ζ on physical states, generally described by elements of a Hilbert space H -which is an ideal on which operators in A ζ acts on -comes from the definition of the isotope-ζ of an A-module. Consider V a left unital A-module, with respect to the composition Av, where A ∈ A, v ∈ V . Here V must be a left ideal of A. From the map
the A-module V becomes a left unital A ζ -module V ζ , since ζ ⋄ v = ζζ −1 v = v, forall v ∈ V . The product
can also be extended in order to encompass elements
i.e., with respect to the product ⋄, the elements ζ A, ζ B inherit the structure of the product AB in A. This concept shall be useful in order to define exterior algebras isotopic liftings in Sec. VII.
IV. NON-ASSOCIATIVE ISOTOPY
In this case the algebra A is a non-associative C-algebra, and therefore the last equality in Eq.(1) does not hold anymore. Given ζ ∈ A fixed, but arbitrary, the non-associative isotope-ζ of A, denoted by A (ζ) , is defined by the multiplication
while the ζ-isotope of A, denoted by (ζ) A, is defined by the relation
We verify that, while ζ is the right unit of the algebra A (ζ) with respect to the product given by Eq.(6), ζ is also the left unit of (ζ) A with respect to the product given by Eq.(7). The product ⋄ ζ defines uniquely the isotope-ζ A (ζ) of A, while in a similar way the product ζ ⋄ defines the ζ-isotope (ζ) A of A. Naturally the product ⋄ ζ can be extended to elements ζ A, ζ B in the isotope-ζ A (ζ) of A, in such way that for this non-associative case it follows that
In this way it is then possible to define the product A • ζ B := (Aζ)(ζ −1 B) from Eq. (8), which extends the X-product introduced in the octonionic algebra O context, to any non-associative algebra A. The X-product was originally introduced in order to correctly define the transformation rules for bosonic (vector) and fermionic (spinor) fields on the tangent bundle over the 7-sphere S 7 [19] . This product is also closely related to the parallel transport of sections of the tangent bundle, at X ∈ S 7 , i.e., X ∈ O such thatXX = XX = 1. The X-product is also shown to be twice the parallelizing torsion [21] , given by the torsion tensor, and in particular, it is used to investigate the S 7 geometric and topological properties, for instance the Hopf fibrations S 3 · · · S 7 → S 4 and S 8 · · · S 15 → S 7 [27] , and twistor formalism in ten dimensions [21, 22] . Generalizations of these topics are developed in [20] . We also extend the product ζ ⋄ to the ζ-isotope (ζ) A of A, in such a way that for this case we have
The definitions of the left unital A (ζ) -module and the (ζ) A-module for the cases given by Eqs.(6, 7) follow naturally from their respective definitions.
Example 1: The octonion algebra O can be generated by a basis {e 0 = 1, e a } 7 a=1 in the underlying paravector space [13, 14] R ⊕ R 0,7 ֒→ Cℓ 0,7 , endowed with the standard octonionic product • : O × O → O, which can be constructed using the Clifford algebras Cℓ 0,7 as
where ψ = e 1 e 2 e 4 + e 2 e 3 e 5 + e 3 e 4 e 6 + e 4 e 5 e 7 + e 5 e 6 e 1 + e 6 e 7 e 2 + e 7 e 1 e 3 ∈ Λ 3 (R 0,7 ) ֒→ Cℓ 0,7 and the juxtaposition denotes the Clifford product [13] . The idea of introducing the octonionic product from the Clifford product in this context is to present hereon in this example our formalism using a Clifford algebraic arena. It is now immediate to verify the usual rules between basis elements under the octonionic product:
where we denote ε c ab = 1 for the cyclic permutations (abc) = (124),(235),(346),(457),(561),(672) and (713). All the relations above can be expressed as e a • e a+1 = e a+3 mod 7 . Now, defining ζ = e 1 , the isotope-ζ O (ζ) related to the octonionic algebra O, is given by the multiplication
and the ζ-isotope (ζ) O of O is defined by
For the particular cases where A = e 2 and B = e 4 it follows that
while
V. ζ-FIELDS AND ISOCOMPLEX FIELDS
An isotopy of the unit 1 ∈ A is defined to be the map 1 → ζ = ζ(x). For consistency of the formalism, the associative products between operators are led to their corresponding isotopic (associative) partners:
As we have just seen, the element ζ is the unit with respect to the product ⋄, also denominated isounit. On the other hand ζ −1 is called isotopic element. The field C = C(a, +, ×) with elements a ∈ C, ordinary sum a 1 + a 2 and multiplication a 1 × a 2 = a 1 a 2 is isotopically lifted to the isofield C are shown to be isomorphic [2] . Note that given an operator A ∈ A, the isoproduct between isoscalars and such operator is given by a ⋄ A = aζζ −1 A = aA. We should mention the effect that the lack of use of Santilli's isofield activates the theorems of catastrophic incon-VI. CLIFFORD ISOTOPIES VIA ASSOCIATIVE ζ-PRODUCT From this section on the algebra A is taken to be the Clifford algebra Cℓ p,q over the quadratic space R p,q . It is well known that the Lie algebra so(p, q) ≃ spin(p, q) is isomorphic to the algebra (Λ 2 (R p,q ), [ , ] ) -where [ , ]) denotes the commutator -when Spin(n,0) ≃ Spin(0,n) and Spin + (n − 1,1) ≃ Spin + (1,n − 1), n > 4 [25] . Then besides the product given by Eq. (1), there is defined the isocommutator [2, 3, 8, 9, 11, 15] [ , ] ζ defined by
where ψ i , ψ j , ψ k are the generators of the isotopic lifting of spin(p, q) ֒→ Cℓ p,q , and c The product ⋄ : Cℓ p,q × Cℓ p,q → Cℓ p,q has a structure of the Clifford product, since given ψ, φ ∈ Cℓ p,q it follows that
where g(
R is defined to be the iso-metric g(ψ, φ)ζ, and the element ζ ∈ Cℓ p,q acts as the unit with respect to the product ⋄.
Consider now that the algebra Cℓ p,q be endowed with the commutator [ , ] given by [ψ, φ] = ψφ−φψ, ∀ψ, φ ∈ Cℓ p,q . The Clifford isotopic algebra Cℓ ζ p,q is defined as being the triple (Cℓ p,q , ⋄, [ , ] ζ ), where the isocommutator
can be thought as being the isotopic lifting of the commutator [ , ] . The Clifford algebra Cℓ ζ p,q inherits the structure of Cℓ p,q , with the difference that the relations holding in Cℓ p,q , with respect to the Clifford product ψφ now are valid in the isotope Cℓ ζ p,q , with product
A. Clifford genotopies Given fixed, but arbitrary elements ξ, ζ ∈ Cℓ p,q , Eq.(19) can be still generalized by the genocommutator :
When ξ = ζ the genocommutator is led to the isocommutator given by Eq. (19) . Applications concerning the Clifford genotopic admissible algebras (CGAA), defined as being the 4-tuple (
, can be used to investigate irreversible systems. Here ( · )ξ and ( · )ζ obviously denote right multiplication respectively by ξ and ζ.
VII. EXTERIOR ALGEBRA ISOTOPY
It is well known that the exterior product and the (left) contraction can be defined in terms of the Clifford product respectively as
and
for all v ∈ R p,q , ψ ∈ Cℓ p,q . The most natural manner to define the exterior product isotopic lifting
In a similar style, the isotopic (left) contraction is defined as being
with an immediate analogue to the right contraction. Although these definitions above are correct from the formal viewpoint, we see from Eq. (18) that the product ⋄ (endowing Cℓ ζ p,q ) inherit the structure of the original Clifford product ψφ only whether computed between elements
Cℓ p,q . Therefore with respect to the physical applications concerning the formalism developed, the following extensions are very useful:
In this way we see that the isotopic exterior product u ζ ∧ v indeed induces the exterior product u ∧ v at the isospace.
VIII. THE SPACETIME ALGEBRA Cℓ1,3
Consider an orthonormal basis {e 0 , e 1 , e 2 , e 3 } in Minkowski spacetime R 1,3 , where e µ e ν + e ν e µ = 2η µν = 2 diag (1, −1, −1, −1). An arbitrary element Υ ∈ Cℓ 1,3 is written as Υ = c + c µ e ν + c µν e µν + c µνσ e µνσ + he 0123 , where c, c µ , c µν , h ∈ R. We use the notation e µν = e µ e ν , e µνρ = e µ e ν e ρ for µ = ν = ρ. The 4-vector e 0123 is denoted by e 5 and satisfies (e 5 ) 2 = −1, besides anticommutating with vectors: e µ e 5 = −e 5 e µ . As Cℓ 1,3 ≃ M(2, H), in order to obtain a representation of Cℓ 1,3 in terms of matrices with quaternionic entries, the primitive idempotent f = 
where
Since the equality e µ = f e µ f + f e µ e 5 f − f e 5 e µ f − f e 5 e µ e 5 f clearly holds, from the representation e µ ∈ Cℓ 1,3 in M(2, H) given by
where i, j, k denote quaternionic units, the representations of the ideal generators
are obtained, and finally it is possible to write Υ ∈ Cℓ 1,3 in M(2, H) as
The Spin + (1,3) group associated with Cℓ 1,3 is given by
Now taking a basis {e i } of Euclidean space R 3 , the Clifford algebra Cℓ 3,0 over R 3 is well known to be isomorphic to M(2, C) and that the quaternionic units can be written as i = e 3 e 2 , j = e 3 e 1 , k = e 1 e 2 . If the isomorphism Cℓ 3,0 ≃ M(2, C) given by e i → σ i is considered, where σ i denotes the Pauli matrices given by 0
follows that the matrix in Eq.(33) can be written as
In this case the basis
e µ = 2η µν ζ, and an arbitrary element of Υ ζ ∈ Cℓ ζ 1,3 can be now written as
where c, c
The isomultivector 
Since
⋄ f ζ and from the representation of
and then it follows that
It follows that Υ ∈ Cℓ ζ 1,3 is written in M(2, H) ζ as
where the right hand side matrix is the complexification of ζ ∈ M(2, H). The isotopic Spin 
A. Heterodimensional isotopic lifting of SU (3) The isotopies of SU(3) and the proof of their local isomorphism to the conventional SU(3) symmetry were first proved in [11] and papers quoted therein.
From the examples above that show how to include the Lie algebra su (3), associated with the Lie group SU(3), in C ⊗ Cℓ 1,3 = Cℓ 1,3 (C), it is possible to construct the isotopic lifting su(3) ζ ֒→ Cℓ ζ 1,3 as:
It is well known that considering an orthonormal basis {e a } of R p,q , the relation e a e b = e a ∧ e b holds between the Clifford and the exterior product. Denoting ζ e µ by e µ ζ , we define the isotopic lifting su(3) ζ of su (3), that generates the isotopic group SU(3) ζ , as the isotopic lifting given by
where e 
SU(3) ζ : case 2
By isotopically lifting the Lie algebra su(3) presented in [28, 29] above it follows that 
From the generators {ξ a ζ , λ a ζ } ≡ ℧ a of the isotopic Lie algebra su(3) ζ , the isotopic Lie group SU(3) ζ is constructed via the isoexponenciation defined by
X. ISOTOPIC LIFTING SU ζ (n) OF SU(n)
It has been stated in [25] that all the elements of the compact spin groups Spin(n,0) ≃ Spin(0,n) are exponentials of bivectors when n > 1. Also, the same holds for the other spin groups only for Spin + (n − 1,1) ≃ Spin + (1,n − 1), n > 4 [25] . It is well-known that at least the Lie algebras of type spin(p, q) ≃ so(p, q) associated with the spin groups above can be described as elements of a Clifford algebra endowed with the commutator (Cℓ p,q , [ , ] ) for p + q = n big enough [1] . Such statement for the Lie algebra so(p, q) ≃ (Λ 2 (R p,q ), [ , ]) associated with the group SO(p, q) can be immediately proved. The group SU(n) can be constructed in the context of the Clifford algebra (Cℓ 2(p+q) , [ , ] 
where the last commutator is non-trivial only when q = p + 1. Relations given by Eqs.(48,49) completely define the Lie algebra su(n) associated with the group SU(n) [1, 28] . Now the generators of the isotopic group SU ζ (n) are written using the isotopic exterior product defined by Eq. (24) 
where p, q = 1, . . . , n, p = q and r = 1, . . . , n − 1. It follows that the expressions
and the relations
completely define SU ζ (n).
XI. APPLICATIONS IN FLAVOR SU(n) GROUP SYMMETRY
Consider a Hilbert space H -and ideal with respect to the algebra defined by the operators acting on it -with elements {|ψ i , . . .}, where ψ i |ψ j ∈ C, and the normalized states are given by ψ i |ψ j = δ ij . In order to formulate the isotopic quantum mechanics, denominated relativistic hadronic mechanics, (RHM) [11] , consider now a Hilbert isospace H ζ , which has operators acting on its elements satisfying the the rule given by Eq. (16) . Elements | ζ ψ ∈ H ζ , and elements of the dual space
In this case the normalized states are given by
With these definitions, Santilli shows that Hermitean (observable) operators in the quantum mechanical formalism correspond to isohermitean states in RHM.
Hereon ζ-kets ≀ · are introduced
together with the eigenvalue isoequation given by
where | ζ ψ is an element of H ζ and H denotes an arbitrary operator acting on H ζ .
A. Exact flavor SU(3) symmetry, isomesons and isobarions
Hereon the formalism used is implicitly the Clifford algebra Cℓ 1,3 (C), since SU(3) is described in terms of Cℓ 1,3 (C), as in Subsec. (IX A) . In Subsecs. (XI A) and (XI B) we use the most recent limits of quark masses given by [12] , page 36:
in order to determine the isotopic element ζ, which is shown to be function of these masses. In this sense quark masses are responsible for the deformation of the algebraic structures involved, together with the induced deformation concerning the geometric structure associated with the formalism presented here. In this Section we briefly recall the lifting of SU(3) [16, 17, 18] , in the context introduced in this paper, which main aim is to extend the method to an exact symmetry in the isotopic lifting of SU (6) . We must emphasize that since SU(3) ⊂ M(3, C), and M(4, C) ≃ Cℓ 1,3 (C), the characterization of SU (3) T and 1 ∈ R. Considering a basis {|ψ u , |ψ d , |ψ s } of the carrier representation space of SU(3), in a Hilbert space H, we now extend Santilli's idea [17] describing the flavor SU(3) symmetry among quarks u, d and s, in such a way that they consequently have the same mass, in isospace.
If we choose the representation of the isounit in M(3, C) ֒→ M(4, C) ≃ Cℓ 1,3 (C), as being ζ = diag(g 11 , g 22 , g 33 ,1), the Gell-Mann isomatrices are simply representations of the elements introduced in Eqs. (42), when the Weyl (chiral) representation of {e µ } is considered:
and satisfy the properties [λ
, where the su(3) structure constants f abc are given by f 123 = 2f 147 = −2f 156 = 2f 246 = 2f 257 = 2f 345 = −2f 367 = 2f 458 / √ 3 = 2f 678 / √ 3 = 1 [12] . With the condition det ζ = 1, we endow the Gell-Mann isomatrices with a standard adjoint representation character [15, 17] . Such condition implies that ζ can be written as
Using this choice the isonormalized isostates are given by
and satisfy the relations
Since the mass operator in su(3) is given by
the isotopic lifting SU(3) ζ of SU (3) has the mass operator given by
In the simultaneous limits α → 1 and β → 1, it can be verified that 
or, equivalently, via expected values:
The hypercharge operator Y is naturally extended to isospace as
while the z isospin component I 3 is given by 1 2
Indeed, the expected eigenvalues for the operators above are
The isotopic electric charge operator is obviously given by Q = Y + I 3 . Now denoting |ψ a state describing any of the quarks {|ψ u , ψ d , ψ s }, an isotopic lifting induces mesons, described by |ψ ⊗|ψ , and barions, described by |ψ ⊗ |ψ ⊗ |ψ , to have the corresponding states in isospace
for the mesons
for the barions. The symbol ⊗ ζ denotes the isotensorial product between spinor fields in C ⊗ Cℓ 1,3 by
The isomeson can be expressed as
B. Exact flavor SU(6) isotopic symmetry
Up to now, there is no description of the generators of the group SU(6) in terms of elements of any of the minimal Clifford algebras Cℓ 1,6 ≃ Cℓ 3,4 ≃ Cℓ 5,2 ≃ M(8, C). Up to our knowledge, there is not any explicit construction like in Section (IX), where in [28] SU (3) is constructed inside the Dirac algebra Cℓ 1,3 , and here we have extended it to the isotopic case. Although there is not such an explicit construction, it is still possible to consider the isotopic lifting of the generators of the representation of SU (6) 
where B ∈ SU(6) ֒→ M(6, C), 0 = (0, 0, 0, 0, 0, 0) T , 0 ∈ C, and 1 ∈ R. A particular case of Eqs.(52), relating exterior algebra elements in R 12,0 and the generators of su (6) is considered in details in the Appendix. Now a basis {|ψ u , |ψ d , |ψ s , |ψ c , |ψ b , |ψ t } of the carrier representation space of SU(6) in a Hilbert space H is considered, an Santilli's idea [16, 17, 18] is extended to describe the flavor SU(6) symmetry among quarks u, d, s c, b, and t, in such a way that they consequently have the same mass, in isospace.
If we choose the representation of the isounit in SU (6) 
With the condition det ζ = 1, we endow the Gell-Mann isomatrices with a standard adjoint representation character [15, 17] . Such condition implies that ζ can be written as ζ = diag(α −1 , β −1 , ω −1 , κ −1 , τ −1 , αβωκτ, 1, 1), α, β, ω, κ, τ ∈ R. 
for p, q = 1, . . . , 6, p = q and r = 1, . . . , 5.
It is well known that Cℓ 12,0 ≃ M(32, H), and we included SU ( is not any criterion or method to explicitly include su(n) in any Clifford algebra Cℓ j , where j < 2n.
